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Framework for constrained RL

� CONSTRAINED MDPS
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[∑∞
t= 0 γ
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– reward value function
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Constrained policy optimization

maximize
π

V π
r (ρ) := Es0∼ ρ [V π

r (s0) ]

subject to V π
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[
V π
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]
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Constrained policy optimization

maximize
π

V π
r (ρ) := Es0∼ ρ [V π

r (s0) ]

subject to V π
g (ρ) := Es0∼ ρ

[
V π
g (s0)

]
≥ b

Altman, CRC Press ’99

non-convex objective V π
r (ρ)

non-convex feasible set
{
π | V π

g (ρ) ≥ b
}
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Constrained parameter optimization

� POLICY PARAMETRIZATION

? πθ(a | s) = θs,a – direct policy

? πθ(a | s) = eθs,a∑
a′ e

θ
s,a′

– softmax policy

? πθ(a | s) = efθ(s,a)∑
a′ efθ(s,a

′) – general softmax policy

Agarwal, Kakade, Lee, Mahajan, JMLR ’21

� PARAMETER OPTIMIZATION

minimize
θ∈Θ

V πθ
r (ρ)

subject to V πθ
g (ρ) ≥ b

Parameter domain Θ
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Lagrangian method

� SADDLE POINT PROBLEM

maximize
θ∈Θ

minimize
λ≥ 0

L(θ, λ)

L(θ, λ) := V πθ
r (ρ) + λ(V πθ

g (ρ) − b) – Lagrangian

Existence of saddle points

Non concave (θ) and convex (λ)

Popularity of primal-dual methods with different guarantees
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Two pillars

� Q-VALUE FUNCTION

Qπr (s, a) := E

[ ∞∑
t= 0

γtr(st, at)

∣∣∣∣ s0 = s, a0 = a

]

Qπg (s, a) – use g to define it similarly

� BREGMAN DISTANCE

D(p, p′) = h(p) − (h(p′) + 〈∇h(p′), p− p′〉 )

h(·) – strictly convex and continuously differentiable

? D(p, p′) = 1
2‖p− p

′‖2 – squared Euclidean 2-norm (h(p) = 1
2‖p‖

2)

? D(p, p′) =
∑
a pa log pa

p′a
– KL divergence (h(p) =

∑
a pa log pa)
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Policy gradient primal-dual mirror descent

π+(· | s) ∀s
= argmax

π′(· | s)∈∆A

α 〈Qr(s, ·) + λQg(s, ·), π′(· | s)〉 − Ds(π
′, π)

λ+ = PΛ (λ − η (Vg(ρ)− b) )

Ds(π
′, π) – Bregman distance at s PΛ – projection

? Qr(s, ·) + λQg(s, ·) – direction of policy search

? b− Vρ(ρ) – price of constraint violation

? no dependence on policy parametrizations



Special case ( I )

π+(· | s) ∀s
= argmax

π′(· | s)∈∆A

α 〈Qr(s, ·) + λQg(s, ·), π′(· | s)〉 − Ds(π
′, π)

λ+ = PΛ (λ − η (Vg(ρ)− b) )

Ds(π
′, π) – Bregman distance PΛ – projection

? Ds(π
′, π) =

∑
a π
′(a | s) log π′(a | s)

π(a | s) – KL divergence

π+(· | s) ∝ π(· | s) eα (Qr(s,·) +λQg(s,·) )

Natural policy gradient primal-dual method

Ding, Zhang, Başar, Jovanović, NeurIPS ’20

Ding, Zhang, Duan, Başar, Jovanović, arXiv ’22 (arXiv: 2206.02346)



Special case ( II )

π+(· | s) ∀s
= argmax

π′(· | s)∈∆A

α 〈Qr(s, ·) + λQg(s, ·), π′(· | s)〉 − Ds(π
′, π)

λ+ = PΛ (λ − η (Vg(ρ)− b) )

Ds(π
′, π) – Bregman distance PΛ – projection

? Ds(π
′, π) = 1

2‖π
′(· | s)− π(· | s)‖2 – squared Euclidean 2-norm

π+(· | s) = P∆A
(π(· | s) + α (Qr(s, ·) + λQg(s, ·) ) )

Projected Q-policy gradient primal-dual method

Ding, Zhang, Başar, Jovanović, ACC ’22



Finite-time performance guarantee

� OPTIMALITY GAP

1

T

T−1∑
t= 0

(
V ?
r (ρ)− V (t)

r (ρ)
)
.

1

(1− γ)2
√
T

� CONSTRAINT VIOLATION[
1

T

T−1∑
t= 0

(
b− V (t)

g (ρ)
)]

+

.
1

(1− γ)2
√
T

. ≡ ≤ up to an absolute constant

? no dependence on the size of state/action spaces

? no dependence on the distribution mismatch coefficient κ

? agnostic to distance metrics
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Convergence in constrained optimality measure

Step #1: performance difference & telescope sum

V ?
r (s)− V t

r (s) + λt
(
V ?
g (s)− V t

g (s)
)

= 1
1−γEs′∼ d?s [ 〈Q

t
L(s′, ·), (π? − πt+1)(· | s′) + (πt+1 − πt)(· | s′)〉 ]

. 1
αEs′∼ d?

[
Ds′
(
π?, πt

)
−Ds′

(
π?, πt+1

) ]
+
(
V t+1
r (d?ρ)− V t

r (d?ρ)
)

+ λt
(
V t+1
g (d?ρ)− V t

g (d?ρ)
)

1
T

∑T−1
t= 0 λ

t
(
V t+1
g (d?ρ)− V t

g (d?ρ)
)
. 1√

T
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� AVERAGE PERFORMANCE

V ?
r (ρ)− 1

T

T−1∑
t= 0

V t
r (ρ) + λ

(
V ?
g (ρ)− 1

T

T−1∑
t= 0

V t
g (ρ)

)
.

1√
T

any λ ∈ [0, C], C > 0

V ?
g (ρ) ≥ b

Step #2: linear programming & strong duality

� CONSTRAINED OPTIMALITY MEASURE

∃π′, V ?
r (ρ)− V π′

r (ρ)︸ ︷︷ ︸
optimality gap

+ C ×
[
b− V π′

g (ρ)
]
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constraint violation

.
1√
T



� AVERAGE PERFORMANCE

V ?
r (ρ)− 1

T

T−1∑
t= 0

V t
r (ρ) + λ

(
V ?
g (ρ)− 1

T

T−1∑
t= 0

V t
g (ρ)

)
.

1√
T

any λ ∈ [0, C], C > 0

V ?
g (ρ) ≥ b

Step #2: linear programming & strong duality

� CONSTRAINED OPTIMALITY MEASURE

∃π′, V ?
r (ρ)− V π′

r (ρ)︸ ︷︷ ︸
optimality gap

+ C ×
[
b− V π′

g (ρ)
]
+︸ ︷︷ ︸

constraint violation

.
1√
T



� AVERAGE PERFORMANCE

V ?
r (ρ)− 1

T

T−1∑
t= 0

V t
r (ρ) + λ

(
V ?
g (ρ)− 1

T

T−1∑
t= 0

V t
g (ρ)

)
.

1√
T

any λ ∈ [0, C], C > 0

V ?
g (ρ) ≥ b

Step #2: linear programming & strong duality

� CONSTRAINED OPTIMALITY MEASURE

∃π′, V ?
r (ρ)− V π′

r (ρ)︸ ︷︷ ︸
optimality gap

+ C ×
[
b− V π′

g (ρ)
]
+︸ ︷︷ ︸

constraint violation

.
1√
T



Linear function approximation

� LINEAR VALUE FUNCTION ASSUMPTION

Qπr (·, ·) = 〈φr(·, ·), wπr 〉 and Qπg (·, ·) = 〈φg(·, ·), wπg 〉

φr, φg : S ×A→ Rd – feature maps

? linear MDPs – a special case
Jin, Yang, Wang, Jordan, COLT ’20

? V πg (·) = 〈ϕg(·), uπg 〉 – linear value function

? Q̂πr (·, ·), Q̂πg (·, ·), and V̂ πg (ρ) – unbiased estimates, e.g.,

Q̂πr (·, ·) = 〈φg(·, ·), ŵπr 〉

ŵπr ' LR({(φr(sk, ak), Rk)}Kk= 1)
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Sample-based algorithm

π+(· | s) ∀s
= argmax

π′(· | s)∈∆A

α 〈Q̂r(s, ·) + λQ̂g(s, ·), π′(· | s)〉 − Ds(π
′, π)

λ+ = PΛ

(
λ − η (V̂g(ρ)− b)

)
Ds(π

′, π) – Bregman distance PΛ – projection

? Q̂r(s, ·) + λQ̂g(s, ·) – estimated direction of policy search

? b− V̂ρ(ρ) – estimated price of constraint violation



Finite-time performance guarantee

� OPTIMALITY GAP

E

[
1

T

T−1∑
t= 0

(
V ?
r (ρ)− V (t)

r (ρ)
)]
.

1

(1− γ)2
√
T

+
√
κ εstat

� CONSTRAINT VIOLATION

E

[
1

T

T−1∑
t= 0

(
b− V (t)

g (ρ)
)]

+

.
1

(1− γ)2
√
T

+
√
κ εstat

. ≡ ≤ up to an absolute constant

? εstat – estimation error, e.g., O(1/K) for SGD

? O(1/ε4) – sample complexity
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Summary

� POLICY GRADIENT PRIMAL-DUAL MIRROR DESCENT

? dimension-free finite-time performance bounds

? model-free algorithm & sample complexity

� FUTURE DIRECTIONS

? better sample complexity

? general function approximation

? policy-directed exploration
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Thank you for your attention.


