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Constrained policy optimization
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Constrained policy optimization

maximize  V7(p) = Eayep [V (s50)]
subject to VI(p) = Esymp [V (s0)] > b

Altman, CRC Press '99
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non-convex objective VT (p)
non-convex feasible set {m |V (p) > b}

Ding, Zhang, Basar, Jovanovic¢, NeurlPS '20
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B PARAMETER OPTIMIZATION

imize VT
minimize V; (p)

subject to V™ (p) > b

Parameter domain ©



Lagrangian method
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Lagrangian method

B SADDLE POINT PROBLEM

maximize minimize L(6,\)
0e6 A>0

V(o) + AV (p) — b) — Lagrangian

L(O,N):
Existence of saddle points

Non concave (f) and convex ()

Popularity of primal-dual methods with different guarantees
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Question: a unified famework ?
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Two pillars

B -VALUE FUNCTION

t=0

Qr(s,a) = E[Z’ytr(st,at)

S0 = S, aq :a]

Q7 (s,a) — use g to define it similarly

B BREGMAN DISTANCE

D(p,p') = h(p) — (h(p") + (VA(p),p—1'))

h(-) — strictly convex and continuously differentiable

* D(p,p') = %|lp— p'||* — squared Euclidean 2-norm (h(p) = 1||p[|%)

* D(p,p') =>",palog g—z — KL divergence (h(p) = 3, Palogpa)



Policy gradient primal-dual mirror descent

7t (-|s) & a(nr‘gr)naii a{Qr(s,") + AQqy(s, ), 7' (-|s)) — Ds(n', )
' (-]s)EAL

X= Pa(A = n(Vylp) — b))

Dy(n', ™) — Bregman distance at s Pp — projection

* Qr(s,-) +AQq(s,-) — direction of policy search
* b—V,(p) — price of constraint violation

* no dependence on policy parametrizations




Special case (1)

el = g @ (Qr(s:) +2Qyls: )7 (- |5)) = Dula'om
/(- ]s)EAL

M= Pa(X = (Vylp) b))

Dy(n', ™) — Bregman distance Pp — projection

x Dy(n',m) =Y, 7(a]s)log T2 — KL divergence

7t (-]s) o m(-|s)e® (Qrls)+AQ(s:))

Natural policy gradient primal-dual method

Ding, Zhang, Basar, Jovanovi¢, NeurlPS 20
Ding, Zhang, Duan, Basar, Jovanovi¢, arXiv 22 (arXiv: 2206.02346)




Special case ()

7t (-|s) & a(nr‘gr)naii a{Qr(s,") + AQqy(s, ), 7' (-|s)) — Ds(n', )
' (-]s)EAL

X= Pa(A = n(Vylp) — b))

Dy(n', ™) — Bregman distance Pr — projection

* Dy(n',m) = |7’ (-|s) — m(-| s)||* — squared Euclidean 2-norm

| 7 15) = Pas (7(-]s) + a(Quls,) +2Qy(s,))) |

Projected Q-policy gradient primal-dual method

Ding, Zhang, Basar, Jovanovi¢, ACC '22




Finite-time performance guarantee
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Finite-time performance guarantee

B OPTIMALITY GAP

T
®) o
g VD)) < LT

B CONSTRAINT VIOLATION

1T—1 ® 1
SN (b-vl < -
tho( g (P) )]+ ~ (1 _,Y>2\/T

< = < up to an absolute constant

* no dependence on the size of state/action spaces
* no dependence on the distribution mismatch coefficient x

* agnostic to distance metrics
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Convergence in constrained optimality measure

‘ Step #1: performance difference & telescope sum ‘

ViE(s) = Vi(s) + (V5 (s) = Vg (s))

T

= 5By a:[(QL(S, ), (7 = w1 | 8) + (7L = 7)(-| 8))]

< éES/Nd* [ Dy (n*, 7*) — Dy (7, 7Tt+1)]

+| (V) = Vi) + N (V) — Vg (d))

T-1 * b(* |
7£ t= OAT(VIUH((J )7‘/;((]/))) 5 ﬁ
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1 T—1 1 T—-1 1
Vi(p) — TtZOVX(p) +A (VJ(/}) — TtZOVgt(p)) SN

any A€ [0,C],C >0
Valp) = b

g



B AVERAGE PERFORMANCE

1 T—1 1 T—1 1
Vi(p) — TtZOVf(p) +A (V;,*(p) - T;)Vgt(p)) < 77

any A € [0,C],C >0
Vy(p) = b

g

Step #2: linear programming & strong duality \




B AVERAGE PERFORMANCE
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Step #2: linear programming & strong duality \

B CONSTRAINED OPTIMALITY MEASURE

37, Vp) =V (p) + C x
N———
optimality gap

b=V ()], 5

~—_——
constraint violation

b
VT
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Linear function approximation

W LINEAR VALUE FUNCTION ASSUMPTION
Qr() = (&r(-)ywr) and Qg(,-) = (og(:; ), wg)

bry By 1 S x A — R? — feature maps

* linear MDPs — a special case
dJin, Yang, Wang, Jordan, COLT '20

* VIT(+) = (pg(+),uj) — linear value function

* Qr (), Q’;(-,-), and Vg”(p) — unbiased estimates, e.g.,
Qr(y) = {dg(, ), )

&7 = LR({(¢,(s*,a¥), RW)}E_ )



Sample-based algorithm

7t (-|s) & a(nr‘glgnaii a(@r(s,-) + /\Qg(s, S, 7' (-|8)) — Dg(n',m)
' (-]s)EAL

X= Py (A= (Ve - )

D4(n',m) — Bregman distance Pr — projection

* Q.(s,-) + A\Q,(s,-) — estimated direction of policy search

* b—V,(p) — estimated price of constraint violation
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Finite-time performance guarantee

B OPTIMALITY GAP

B CONSTRAINT VIOLATION
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* estat — estimation error, e.g., O(1/K) for SGD

* O(1/€e*) — sample complexity
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Summary

B POLICY GRADIENT PRIMAL-DUAL MIRROR DESCENT
* dimension-free finite-time performance bounds

* model-free algorithm & sample complexity

B FUTURE DIRECTIONS

* better sample complexity
* general function approximation

* policy-directed exploration



Thank you for your attention.



